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1. The Hamiltonian formalism on T ∗SO(3)
Representation of the right trivialization of T ∗SO(3)
Here we show some useful relations for the group SO(3) and its cotangent
bundle, many of them can be found in [1, 2].
Group SO(3) is formed by the orthogonal, unimodular matrices R i.e.
RT = R−1, det(R) = 1. Accordingly the Lie algebra so(3) is formed by 3×3-
antisymmetric matrix with Lie bracket in the form of matrix commutator.
Let us consider a vector space isomorphismˆ: R3 → so(3) such that [2, p.
285]: ξ̂kl = −εiklξi, ξi = −
1
2
εiklξ̂kl, where εikl — Levi-Civita symbol. Then
the next equations will be satisfied
ξ̂η = ξ × η;
[ξ̂, η̂] = ξ̂η̂ − η̂ξ̂ = ξ̂ × η;
〈ξ,η〉 = −1
2
tr(ξ̂η̂);
Bξ̂B−1 = B̂ξ
(1)
The scalar product introduced above allows us to state the equivalence
of the Lie algebra and its dual space so(3)∗ ≃ so(3). Symbol “≃” defines
diffeomorphism. Usually, the diffeomorphisms used below have the simple
group-theoretical or differential-geometric sense that is explained in litera-
ture.
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In the representation of right trivialization which is shown [3] and [1, p.
314] to correspond to the inertial frame of reference, we have:
TSO(3) ≃ SO(3)× so(3), T ∗SO(3) ≃ SO(3)× so(3)∗.
Then right and left actions of the group SO(3) on T ∗SO(3) have the form{
RB : (R, p̂i) ∈ T
∗SO(3)→ (RB, p̂i), B ∈ SO(3);
LB−1 : (R, p̂i) ∈ T
∗SO(3)→ (B−1R,Bp̂iB−1) = (B−1R,Ad∗
B−1
p̂i)
(2)
Symplectic and Poisson structures on T ∗SO(3) [1, 3]
Liouville form on T ∗SO(3) ≃ SO(3)× so(3)∗ has the form
Θ
T ∗SO(3)
|(R,pi) = −
1
2
tr(p̂iδ̂R) = πiδR
i, (3)
where δ̂R = (dR)R−1 — right-invariant Maurer-Cartan 1-form.
Then by using the Maurer-Cartan equation [2, p. 276], for the canonical
symplectic 2-form we have
ΩT
∗SO(3)
can = −dΘ
T ∗SO(3) = δRi ∧ dπi − πi[δR, δR]
i = (4)
= −
1
2
εijkδRjk ∧ dπi +
1
2
πiεijkδRjs ∧ δRsk
Any given symplectic structure Ω defines a Poisson structure on the same
manifold as follows
{F,G}(z) = Ω(ξF (z), ξG(z)) = ∂ξGF = −∂ξFG, (5)
where equation iξGΩ = dG will be satisfied for the vector field ξG.
By considering the elements of the matrix R and components of the
momentum pi as the dynamic variables on T ∗SO(3), we can obtain the fol-
lowing set of Poisson brackets, that completely defines a Poisson structure
on T ∗SO(3):
{Rij, Rkl} = 0, {πi, Rjk} = εijlRlk, {πi, πj} = εijlπl. (6)
Note that in the inertial system the Poisson brackets for the matrix el-
ements R are grouped in columns, for example, Poisson brackets for the
elements of the 3d-column is expressed in terms of the elements of the 3d-
column only.
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2. Reduction of the Poisson structure for a symmetric top
Poisson structure (6) is invariant under right translations of constant
matrix B ∈ SO(3):
{(RB)ij , (RB)kl} = 0, {πi, (RB)jn} = εijl(RB)ln, {πi, πj} = εijlπl. (7)
The subgroup S1 ∈ SO(3), where S1 = {Z ∈ SO(3) : Zi3 = δi3} is of
interest in connection with the symmetric top (it is assumed that the axis
of the body symmetry is directed along the vector E3). Then (RZ)i3 =
RijZj3 = Ri3, i.e. 3d-row of the matrix R remains invariant under right
translations that corresponds to the subgroup S1.
Let’s consider the projection SO(3) on the sphere S2 (as a set of unit
vectors ν2 = 1)
τ : R 7→ ν = Ri3ei, νi = Ri3. (8)
This projection generates a map
τ˜ : T ∗SO(3) ∋ (R,pi) 7→ (τ(R),pi) = (ν,pi) ∈ W1, (9)
where W1 ≃ S
2 × so(3)∗ ⊂ R3 × so(3)∗ ≃ se(3)∗ = R3sso(3)∗.
On se(3)∗, as on any space that is dual to the Lie algebra there exists a
canonical structure of Lie-Poisson [2, p. 425].
In this case [2, pp. 491,367] this structure is determined by the following
Poisson brackets
{νi, νk} = 0, {πi, νj} = εijlνl, {πi, πj} = εijlπl. (10)
Comparing (10) with (6) shows that a surjective mapping τ˜ is poissonian.
Thus the conditions of Theorem 10.5.1 [2, p. 355] are satisfied. And
hence,
W1 ≃ T
∗SO(3)/S1 (11)
If Hamiltonian H on T ∗SO(3) S1 is invariant then on W1 there is a
Hamiltonian h such thatH = h◦τ˜ and the trajectories of the dynamic system
with Hamiltonian H τ˜ -associated with the trajectories for the Hamiltonian
h [2, p. 355].
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3. The structure of symplectic leaves so(3)∗
The levels of Casimir functions as the orbits of the coadjoint
representation
As it was proven above
W1 ≃ T
∗SO(3)/S1 = {(ν,pi) ∈ se(3)∗ : ν2 = 1}. (12)
Coadjoint action of the group SE(3) on se(3)∗ has the form (see (14.7.10)
[2])
Ad∗(a,A)−1)(ν,pi) = (A[ν],a×A[ν] +A[pi]). (13)
Let’s consider the functions
C1(ν,pi) = ν
2, C2(ν,pi) = ν · pi. (14)
Proposition 1. Functions (14) are invariant relative to the coadjoint
action (13), so on the basis of the proposition 12.6.1 [2, p. 421] we can
argue that C1, C2 are the Casimir functions on se(3)
∗.
Thus, W1 is submanifold in se(3)
∗ that is determined by the level of the
Casimir function C1 on se(3)
∗, and hence, it is Poisson submanifold se(3)∗.
Then the symplectic leaves, on which W1 stratifies is also the symplectic
leaves of the Lie-Poisson structure on se(3)∗.
Let’s consider the symplectic leaves of the Lie-Poisson structure on se(3)∗.
From Corollary 14.4.3 [2, p. 477] follows that they are the orbits of the coad-
joint action of SE(3). The structure of these orbits was studied in [2, §14.7]
and formulated in Theorem 4.4.1 (see [4, p. 142]).
The trajectory (accumulation curve) of any Hamiltonian field emanating
from a point (ν0,pi0) remains on a joint level of the Casimir functions:
L(ν0,pi0) = {(ν,pi) : C1(ν,pi) = ν
2
0, C2(ν,pi) = ν0 · pi0} ⊂ se3
∗ (15)
Proposition 2. A joint level L(ν0,pi0) of the Casimir functions (14) with
ν0 6= 0 is the orbit of O(ν0,pi0) of the coadjoint representation of the group
SE(3).
Indeed, by following formula (13) it is easy to give a direct proof of
transitivity of the action SE(3) on L(ν0,pi0).
2-form of Kirillov-Kostant-Souriau on the symplectic leaves so(3)∗
The symplectic structure ΩGKKS named after Kirillov-Kostant-Souriau is
defined on the orbits of the coadjoint representation of the Lie group G.
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This structure may be obtained by reduction from the canonical structure
on (T ∗G,ΩT
∗G
can ) and agrees with the Lie-Poisson structure on g
∗ as follows
from Theorem 14.4.1 in [2, p. 475].
Structure of the orbits O(ν0,pi0) on se(3)
∗, where ν0 6= 0 is ascertained by
propositions 2,3 with section 14.7 [2] and with example 4.4 of the book [4].
Remark. Type1 orbits from section 14.7 [2] are irrelevant to the dynamics
of a symmetric top because ν2 = 1. In addition, results of the Type2 are
completely covered by results Type3. Thus it suffices to use Theorem 4.4.1
of the book [4] for Type3.
Proposition 3. Orbit O(ν0,pi0) with ν
2
0 = 1 is diffeomorphic to the cotan-
gent bundle of the sphere, and the symplectic form on the orbit differs from
the canonical symplectic form on the cotangent bundle of the sphere in so-
called magnetic term.
O(ν0,pi0) ≃ T
∗S2, ν20 = 1;
Ω
O(ν0,pi0)
KKS = Ω
T ∗S2
can − ρ
∗B;
B|ν(ξ × ν,η × ν) = −C2(ν0,pi0)〈ξ × η,ν〉
(16)
where ρ : T ∗S2 → S2 is the cotangent bundle projection, B — 2-form on the
sphere, ν ∈ S2, ξ,η ∈ R3.
As we can see from the 3-rd line (16) the magnetic term is B → 0 with
pi0 → 0. Therefore, the 2-nd type of the orbits in Theorem 4.4.1 (see [4, p.
142]) is a special case of the 3-rd type. Note also that 2-nd type of the orbits
leads to the unstable orbital motion in the Orbitron task.
4. Reduction of T ∗SE(3) to the Poisson structure for a symmetric
top
Group SE(3) as a common configuration space for rigid body
dynamics
The common description of the Hamiltonian mechanics of the rigid body
is (T ∗SE(3),Ω
T ∗SE(3)
can , H), where Ω
T ∗SE(3)
can = −dΘT
∗SE(3), and ΘT
∗SE(3) —
Liouville 1-form on T ∗SE(3).
Let’s consider the body frame be equal to the orthonormal frame (triad
of { ~Ei}) with a zero point in the center of mass of the rigid body and the
unit vectors directed along the principal axes of inertia tensor of the body
with the same orientation as in the spatial frame {~ei}.
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Let’s introduce the transition matrix R from the spatial frame ({~ei}) to
the { ~Ei} body frame.
~Ek = Rik~ei, Rji = 〈 ~Ei, ~ej〉, (17)
where matrix R has the following properties: RT = R−1, det(R) = 1.
Elements T ∗SE(3) in the inertial frame of reference is defined by four
values ((x,R), (p,pi)), where p — momentum of translation motion and
pi — intrinsic angular momentum of the rigid body.
The canonical Poisson structure on T ∗SE(3)
In the inertial frame of reference (right trivialization) a canonical sym-
plectic structure on a manifold
T ∗SE(3) ≃ T ∗(R3)× T ∗(SO(3)) ≃ T ∗(R3)× SO(3)× so(3)∗ (18)
is a direct product [5, p. 81–82], where the translational and rotational de-
grees of freedom are separated from each other in the symplectic and Poisson
structures
ΩT
∗SE(3)
can = Ω
T ∗R3
can + Ω
T ∗SO(3)
can (19)
= dxi ∧ dpi −
1
2
εijkδAjk ∧ dπi +
1
2
πiεijkδAjs ∧ δAsk
In the inertial frame of reference non-zero Poisson brackets that corre-
spond to Ω
T ∗SE(3)
can , have the form
{xi, pj} = δij , {πi, πj} = εijlπl, {πi, Rjk} = εijlRlk. (20)
Reduction T ∗SE(3) to T ∗SE(3)/S1
As in the case of T ∗SO(3), the Poisson brackets for T ∗SE(3) are invariant
for right translations
RB : ((x,R), (p,pi)) 7→ ((x,RB), (p,pi)), B ∈ SO(3) (21)
As we can seen from (21), variables x,p for translational degrees of free-
dom are not subjected to transformation, and play a passive role in the
procedure of reduction and they can be omited in further discussion.
In general case the kinetic energy of the rigid body is left-invariant, but
not right-invariant. However, for the symmetric top, the system is right
translation invariant to S1 ∈ SO(3), where the group S1 the rigid body
6
symmetry (assuming, that the axis of the body symmetry is directed along
the vector E3).
As in Section 2 the conditions of Theorem 10.5.1 [2, p. 355] are satisfied,
and therefore, for the Poisson manifold P1 we obtain
P1 = T
∗SE(3)/S1 ≃ T ∗R3 ×W1, (22)
with such Poisson brackets
{xi, pj} = δij , {νi, νk} = 0, {πi, νj} = εijlνl, {πi, πj} = εijlπl. (23)
In order to carry out the reduction of the system in full, the standard
Hamiltonian of a rigid body, namely, the contribution of the kinetic energy
of proper rotation must be converted into the inertial frame of reference.
This is not difficult to perform for the symmetric top, where two momenta
of inertia are equal in the body frame.
By using I1 = I2 = I⊥, after some transformations we obtain
Tspin(((x,R), (p,pi))) =
1
2I1
pi2 +
(
1
2I3
−
1
2I1
)
〈ν,pi〉2 + V (x,ν). (24)
Thus, after discarding Casimir function
(
1
2I3
− 1
2I1
)
〈ν,pi〉2 the Hamilto-
nian of the symmetric top takes the form
h(((x,ν), (p,pi))) =
1
2M
p2 +
1
2I1
pi2 + V (x,ν), (25)
where M — mass of the rigid body
Hamiltonian h depends only on the dynamic variables on P1 ⊂ P .
The dynamic system is finally reduced to the (P1, {·, ·}, h), because from
Theorem 10.5.1 [2, p. 355] the dynamic trajectories of the reduced system
are the projections of the dynamic trajectories of the original system via
Poisson mapping.
T ∗SE(3) ∋ ((x,R), (p,pi)) 7→ ((x, τ(R)), (p,pi)) ∈ P1 ⊂ P (26)
With regard to the structure of the symplectic leaves LP1(ν0,pi0) of the Pois-
son manifold P1, taking into consideration the results in Section 3, we have
L
P1
(ν0,pi0)
= T ∗R3 ×O(ν0,pi0) (27)
see Proposition 3.
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